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It is shown that, for a nonempty ergodic family {T,: t E I} of continuous 
linear operators on a topological vector space, the solution by iteration of the 
simultaneous linear functional equations 3c - T,(x) = h, t E j, is a special case 
of mean ergodic theory for a semigroup of linear operators. 
1. INTRODUCTION 
Several authors have examined the relation between mean ergodic theorems 
and the solution by iteration of the linear functional equation x - T(x) = h, T 
being a continuous linear operator on a topological vector space. See, for example, 
Browder and Petryshyn [l], D e i ueredo and Karlovitz [4], Dotson [5], [6], F g 
Koliha [8, 91, Koliha and Leung [lo], Kwon and Redheffer [I 11, and Outlaw 
and Groetsch [12]. Among others, Dotson proved in [6] a mean ergodic theorem 
for a semigroup of affine operators, generalizing Eberlein’s abstract mean 
ergodic theorem [7], and showed that the iterative solution of linear functional 
equations is, under some restrictions, a special case of mean ergodic theory for 
affine operators. 
In this paper we will apply Dotson’s idea to obtain similar results for the 
approximate solution of the simultaneous linear functional equations 
x - T,(x) = h, t E J. 
2. ERGODIC FAMILIES AND A MEAN ERCODIC THEOREM 
Throughout the paper, E will be a (real or complex) topological vector space 
(t.v.s.) and E* will be the topological dual of E. A subset D of E is called an 
afine s&space of B if X, y E D implies ax + (1 - ~2) y E D for all scalars a. 
Thus D is an affine subspace if and only if D = x + F for some x E E and some 
linear subspace F of E. Suppose $J = { Tt : t E J> is a nonempty family of continu- 
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ous linear operators on E, and h 6 E. For each t E J, define an a&e operator 
(T& on E by the relation: 
(Tdh (4 = T,(x) + h (x E E). 
Let us denote by ,Z,, and Z;, the semigroups generated by 5 and &, = 
((T& : t E J}, respectively. Thus, each T E Z,, is a linear operator on E, while 
each SE .& is an affine operator on E. We call the family 5 [weakly] ergodic if 
there exists a net (T, , n E A) of linear operators on E satisfying: 
(I) The transformations T, , n E A, are equicontinuous. 
(II) For every x E E and all it E A, 
T,(x) c af{ T(x): T E Z,,} 
where Tf D denotes the smallest closed affine subspace containing a subset D 
of E. 
(III) For every x E E and all t G 1, 
[weak-] 1% T,T,(x) - T,(x) = [weak-] lip TJn(x) - T,(x) = 0. 
The above net (T, ,n E A) is called [weakly] @ugodic. 
We now state a mean ergodic theorem for a [weakly] ergodic 5. Since this 
theorem is direct from an easy modification of the argument in Theorem 3.1 of 
Eberlein [7], we omit the details. For related results, see also [13]. 
THEOREM 1. Suppose E is a locally convex Hausdor- t.v.s. and 5 = { Tt : t E J> 
is a nonempty family of continuous linear operators on E. If (T,, , n E A) is 
a [weakly] $j-ergodic net of continuous linear operators on E, then for each x E E 
such that the net (T,(x), n E A) clusters weakly at y E E, we have T,(y) = y for 
all t E J and [weak-] lim, T,(x) - y. 
We remark that [weak-] lim, T,(x) = y exists if and only if af(T(x): T E,&} 
contains a (unique) point y such that T,(y) = y for all t E J; this follows from 
Eberlein’s argument. 
Let !2 = [JJ denote the free semigroup generated by the index set J. There- 
fore any w E Q can be uniquely represented as 
ti = ql . . . t; 
where ti E J, ti # ti+l , and ai is a positive integer for each i. Define 
14 RYOTARO SbTO 
Clearly, the mappings w H ~(5) and w ++ w(&) are homomorphisms of .Q onto 
L’,, and of Q onto Z;, , respectively. 
We call a net (e, , n E d) of scalar functions on Q admissible if (u: e,(w) + 0) 
is a finite set and xU e,,(w) = 1 for each n E d. An admissible net (e, , n Ed) 
is said to be [weakly] g-ergodic if the net (7’, , n E d) defined by 
for each n E d is [weakly] g-ergodic in the above-mentioned sense. 
It is known (see Day [2], [3]) that if Z;, is equicontinuous and amenable, then 
there exists an admissible g-ergodic net (e, , II E d) satisfying e, 3 0 on 52 for all 
n E d. We recall that any commutative Z,, is amenable. 
Similarly, if L’s is equicontinuous and the space C,(Z,J of all bounded continu- 
ous scalar functions on L’s in the weak operator topology possesses an invariant 
mean, then the existence of an admissible weakly g-ergodic net (e, , n E B) 
satisfying e, > 0 on Q for all n E d follows (see [13]). 
3. APPROXIMATE SOLUTION OF SIMULTANEOUS 
LINEAR FUNCTIONAL EQUATIONS 
THEOREM 2. Suppose E is a locally convex Hausdorff t.v.s. and 3 = { Tt : t E J} 
is a nonempty family of continuous linear operators on E. Let (e, , n E A) be an 
admissible ~-ergodic net of scalar functions on Q = [J] and h E ntsl (I - Tt) (E). 
Then for each x E E such that the net (l&(x), n E A) de$ned by 
for each n E A clusters weakly at y E E, we have y - T,(y) = h for all t E J and 
lim, S,(x) = y. 
Proof. Choose a point p E E so that p = T,(p) + h for all t E J. For any 
5’ E & , we then have p = S(p), and S has the form 
S(z) = T(z) + f (z E E) 
for some T E Zs and some f E E. Therefore 
S(z)=T(x-p)+T(p)+f=T(z-P)+S(P)-T(z-p)-tP (z E E). 
In particular, for every t and t’ in J 
(Tt)t, (4 = Td4 + h = Tt@ - P) + P (x E E), (1) 
and 
(T&a (Tt,h (4 = TtT& - P) + P (z E E). (2) 
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It follows that for all z E E 
X%(4 = c e,(w) 4%) (4 
= ; e,(W) 48:) 6- PI + P 
w 
= T,(z - P) + P* 
(3) 
and that the net (T,(x - p), n E 0) clusters weakly at y - p. Hence we can apply 
Theorem 1 to infer that T,(y - p) = y - p for all t E J and lim,, T,(x - p) = 
y - p. This together with (1) and (3) completes the proof. 
If T is a continuous linear operator on E, then T* denotes the adjoint of 7’. 
THEOREM 3. Suppose E is a locally convex complete Hausdor- t.v.s. and 
5 = {Tt : t E J} is a nonempty ergodic family of continuous linear operators on E. 
Let F = {x E E: T,(x) = x for all t E: Jj andF* = {x* E E*: Tj(x*) = x* for all 
t E J}. Then for any admissible ~-ergodic net (e, , n E A) of scalar functions on 
Q = [J] and for any h E nteJ (I - Tt) (E), th e 0 owing statements are equi- f II 
valent : 
(a) F separates points of F*. 
(b) For every x E E, the net (L&(x), n E A) defined in Theorem 2 converges to 
a soWion u = S(x) of the simultaneous linear functional equations u - T,(u) = h, 
t E J. 
Proof. From the proof of Theorem 2 we observe that Statement (b) is 
equivalent to the following: 
(c) For every x E E, the net (T%(x), n E A) converges to a solution u = T(x) 
of the simultaneous linear functional equations u - Tt(u), t E J. 
And Corollary 1 of the author [13] s h ows that (a) and (c) are equivalent. Hence 
the proof is completed. 
The hypothesis that h E fits, (I - Tt) (E) used in Theorems 2 and 3 is not 
easy to verify. But in case the family 3 = { Tt : t E J} is commutative, we have the 
following: 
THEOREM 4. Suppose E is a t.v.s. such that E* separates points of E, and 
5 = { Tt : t E J> is a nonempty commutative family of continuous linear operators on 
E. Then for any admissible weakly @rgodic net (e7, , n E A) of scalar functions on 
Sz = [J], h E fits, (I - Tt) (E) if and only if (a) Z;, is a commutative semigroup, 
(b) weak-lim, T,(h) = 0, and (c) for some x E E the net (S&(x), n E A) converges 
weakly to some y E E. 
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Proof. (=z>): (a) follows from (2), (b) is obvious because h = p - 7;(p) 
for some p E E and all t E J, and (c) holds for x = p. 
( t;): It suffices to show that y - T,(y) = h for all t E J. Since Z;, is commu- 
tative and E* separates points of E, we have 
T,(Y) + h -Y = (Tth (Y) -Y 
= weak-li$T,), S,(x) - S,(X) 
= weak-lirn S,( T& (x) - S,(X) 
= weak-liF[T,T,(x) - T,(X) + T,(h)] 
= weak-li$T,T,(x) - Tn(x)] + weak-lip T,(h) 
and thus the proof is completed. 
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